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Abstrat.
We analyze the dynamis of the gravitational eld when the ovariane is restrited
to a synhronous gauge. In the spirit of the Noether theorem, we determine the
onservation law assoiated to the Lagrangian invariane and we outline that a non-
vanishing behavior of the Hamiltonian omes out. We then interpret suh resulting
non-zero energy of the gravitational eld in terms of a dust uid. This new matter
ontribution is o-moving to the sliing and it aounts for the materialization
of a synhronous referene from the orresponding gauge ondition. Further, we
analyze the quantum dynamis of a generi inhomogeneous Universe as desribed
by this evolutionary sheme, asymptotially to the singularity. We show how the
phenomenology of suh a model overlaps the orresponding Wheeler-DeWitt piture.
Finally, we study the possibility of a Shrödinger dynamis of the gravitational eld
as a onsequene of the orrespondene inferred between the ensemble dynamis of
stohasti systems and the WKB limit of their quantum evolution. We demonstrate
that the time dependene of the ensemble distribution is assoiated with the rst order
orretion in h¯ to the WKB expansion of the energy spetrum.
PACS numbers: 83.C
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1. INTRODUCTION
The absene of a real time evolution of the physial states for the quantum gravitational
eld, is one of the most peuliar aspets haraterizing the Wheeler-DeWitt equation
[1℄. It emerges as a diret onsequene of implementing on a quantum level the 4-
dieomorphisms invariane of General Relativity. In fat, in the slied piture of the
spae-time, the manifold V4 is represented by a one-parameter family of spaelike
hypersurfaes (i.e. V4 → σ3t ⊗ R) and the dynamis is summarized by the primary
and seondary onstraints, due to the presene of four Lagrangian multipliers (the lapse
funtion and the shift vetor) [2℄. Hene, extending the anonial Dira methods of
quantization onstraints to the gravitational setor, the frozen formalism arises [3℄.
For a detailed disussion of the problem of time in quantum gravity and for a review
of dierent proposals to overome it, see [4℄ (about the nature of time in quantum
osmology, see [5℄, while for an evolutionary senario oming out in the semi-lassial
limit see [6℄). A valid disussion of the relation existing among time, matter, and
referene frames in anonial quantum gravity is given in [7, 8℄.
In [9℄ and [10℄ it was inferred that the non-evolutionary harater of the Wheeler-
DeWitt equation is a onsequene of requiring that the 3+1-splitting of the spae-time
holds also on a quantum level. The point is that, in a ovariant piture, the anonial
quantization applies only if a physial referene uid is inluded into the dynamis. In
fat, the timelike harater of the 4-veloity assoiated to a uid has to be preserved in a
quantum spae-time too and it allows a physial sliing. The analysis presented in [9, 10℄
inludes the so-alled kinematial ation into the evolution and shows how the resulting
frame xing quantization of the vauum gravitational eld indues the appearane of a
matter uid as a soure. The approah based on the kinematial ation an be re-asted
as a Shrödinger dynamis for the quantum gravitational eld [17℄. This same point
of view was also addressed in [11℄, where it is outlined how the quantum gravitational
eld, viewed in a synhronous (or Gaussian) frame, aquires an evolutionary harater
and a dust uid arises into the dynamis (see also the related disussion in [12℄). Other
important approahes based on the so-alled embedding variables, and even referred to
the path integral formalism, an be found in [13℄-[15℄ (see also [16℄).
Here we fae the lassial and the quantum dynamis of the synhronous
gravitational eld, starting from a restrition of the ovariane priniple to
those oordinates transformations whih preserve the hoie of this gauge. The
phenomenologial issue of the synhronous quantum gravity, so dened, outlines the
appearane of a non-vanishing eigenvalue Hamiltonian, reeting the presene of a dust
uid. Sine the privileged role of a dust uid as a physial lok is well-established in
literature, we have to point out the peuliar aspets of our approah. In [11℄, [12℄
and [9℄ the onstrution of the lok is based on adding new terms to the system
ation, and then deriving the new Hamiltonian onstraints. Here we fous attention
on the symmetry of the synhronous spae-time, having in mind that the hoie of a
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oordinate system must ome out into additional energy-momentum ontributions. We
put in orrelation the (restrited) symmetry invariane with the quantum nature of the
appearing uid. In fat, the violation of the general relativity priniple singles out by the
appearane of a soure term, living in a ovariant piture and whose energy (expeted
to be positive in the ground state) vanishes in the lassial limit. The main new address
of our investigations is essentially in this idea, that General Relativity is ompatible
with the synhronous quantum gravity. The disussion of Setion 6 laries this point
of view, by underlining the link between the restored quantum time variable and the
spetrum dependene on h¯.
This new ontribution an be heuristially interpreted as the quantum materialization
of the synhronous gauge imposed on the vauum theory of gravity. We also address
the request of having a positive energy density of the dust and we infer that the ground
state of the theory ensures suh requirement is fullled. The main point is that the
magnitude of the eigenvalue arising from the generi quantum osmology is bounded,
of the order of h¯, and vanishing in the lassial limit h¯ → 0. Hene, we disuss the
possibility of a general harater for this feature, and we provide an implementation of
this point of view within the orrespondene existing, for haoti systems, between the
ensemble distribution and the semilassial wave funtion.
Thus, we onlude that a senario an be inferred in whih the time evolution of
the quantum gravitational eld takes plae only at a higher order in the h¯ expansion
of the theory. In this respet, the phenomenology of this evolutionary quantum gravity
overlaps the same issues of the Wheeler-DeWitt approah, and General Relativity is
reovered in the lassial limit. This result is a onsequene of the quantum harater
of the devie responsible for the emergene of time, thus providing an explanation for
the appliability of the approah disussed in [20℄ into a osmologial setting. By other
words, we x a time-lok whih turns out to be a quantum omponent of the whole
system and so the notions of external and internal times onverge.
This paper is organized as follows. In Setion 2, we derive the fundamental
onstraints implied on the theory by the invariane of the Lagrangian, in the framework
of a Noether theorem extended to the gravitational setor. Setion 3 is devoted to disuss
the anonial quantization of the synhronous gravitational eld, and the question
onerning the physial interpretation of the outoming Hamiltonian eigenvalue. In
Setion 4, we formulate the osmologial problem inherent to a generi inhomogeneous
Universe in the presene of a massless salar eld and of a osmologial term, whih allow
to model an inationary senario. We develop the anonial quantization of this model
in the framework of a Shrödinger dynamis. The possibility to neglet the potential
term, in the asymptoti limit to the osmologial singularity, allows to deal with an
approximated analyti solution. The preise onditions for the validity of the proposed
piture are as the ones for the existene of an inationary senario. The Hamiltonian
eigenvalue omes out as ranging, in modulus, between zero and muh less than the
Plank energy. Sine a negative portion of the spetrum arises, an estimate for the
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ontribution of dust to the Universe ritial parameter is given (assuming the Universe
near its ground state). Suh a ontribution is extremely small O (10−60) and therefore
we are lead to phenomenologially reover no observability for a primordial quantum
evolution of the Universe.
In Setion 5, we disuss the quasi-lassial limit of the model, whih outlines how the
variable assoiated to the Universe volume reahes the lassial stage before the potential
term beomes relevant in the dynamis.
In Setion 6, we provide a disussion onerning the formulation of an evolutionary
quantum gravity from a more general and gauge-independent ontext. The approah
is based on omparing the ensemble representation of a stohasti system with the
semilassial WKB limit of its quantum dynamis. In partiular, Setion 6.1 is devoted
to x the paradigm of suh a orrespondene for a generi stohasti gravitational eld.
Here we show that a non-zero super-Hamiltonian eigenvalue is expeted to reprodue the
right behavior of the ensemble distribution. Setion 6.2 disusses the implementation of
the outlined sheme to the ase of the inhomogeneous mixmaster model as a gravitational
stohasti system.
Finally, in Setion 7 we give some onluding remarks about the main lines of
thinking xed by the overall analysis.
2. GRAVITY IN A SYNCHRONOUS REFERENCE
In a synhronous (gaussian) referene frame to the splitting yµ = yµ(t, xi), the metri
tensor orresponds to the hoie g00 = 1 and g0i = 0 (i = 1, 2, 3), i.e. in the 3+1-
formalism we have to require N = 1 and N i = 0 for the lapse funtion and for the shift
vetor, respetively. In order to x the form of the oordinates transformations whih
preserve the synhronous harater [18℄, we onsider a generi innitesimal displaement
t′ = t + ξ(t, xl) xi
′
= xi + ξi(t, xl) (1)
and the assoiated 4-metri hange
g′µν = gµν − 2 4∇(µξν) , (2)
with ξµ = {ξ, ξi} (µ = 0, 1, 2, 3). From (2), preserving g00 = 1 and g0i = 0, it
omes out that the following two onditions respetively hold
∂tξ = 0 ⇒ t′ = t + ξ(xl) (3)
hij∂tξ
J = ∂iξ ⇒ xi′ = xi + ∂jξ
∫
hijdt+ φi(xl) , (4)
where φi denote three generi spae funtions. Finally, for the 3-metri we get the
transformation
h′ij(t
′, xl
′
) = hij(t
′, xl
′
)− 2 3∇(iξj) − ∂thijξ . (5)
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In a synhronous referene, the Lagrangian of the gravitational eld, in presene of
a osmologial onstant Λ, reads
Lgrav =
∫
Σ3t
d3xLgrav = − 1
2c2k
∫
Σ3t
d3x
√
h
{
K2 −KijKij − 3R
}
−1
k
∫
Σ3t
d3x
√
hΛ , (6)
where k is the Einstein onstant (k = 8πG/c4), h ≡ dethij and Kij ≡ −12∂thij refers
to the extrinsi urvature, while K ≡ hijKij . In terms of the Lagrangian density (of
weight 1/2) L, the i− j omponents of the Einstein equations take the Euler-Lagrange
form
∂t
(
δL
δ(∂thij)
)
+ ∂l
(
δL
δ(∂lhij)
)
− δL
δhij
= 0 . (7)
Under an innitesimal 3-metri displaement h′ij(t
′, xl
′
)−hij(t, xl) = δhij+∂thijξ,
the Lagrangian density L hanges orrespondingly as (where, the ontribution δhij is
provided by (5) and the 3-metri is transported parallel along the spae hypersurfaes)
δL = Lgrav (h′(x′), ∂′h′(x′))−Lgrav (h(x), ∂h(x)) + δLmat = (8)
= Lgrav (h′(x′), ∂′h′(x′))− Lgrav (h(x′), ∂′h(x′)) + ∂tLgravξ + ∂iLgravξi + δLmat,
where we adopted a shemati notation for the sake of simpliity.
Sine in the following we will see the appliation to a osmologial setting with a salar
eld, we are going to onsider the ase in whih a salar eld φ is present.
Hene, let us onsider the full Lagrangian density L = Lgrav + LΦ. The analogous of
the expression (5) for the adopted matter eld is the following one
ϕ′(xl
′
, t′) = ϕ(xl
′
, t′)− ξi∂iϕ− ξ∂tϕ , (9)
while Euler-Lagrange equations are obtained from the ones for the gravitation eld, by
replaing hij with ϕ.
Thus, the invariane request expliitly reads
δL =
δL
δhij
δhij +
δL
δ(∂lhij)
δ(∂lhij) +
δL
δ(∂thij)
δ(∂thij) +
+
δL
δϕ
δϕ+
δL
δ(∂lϕ)
δ(∂lϕ) +
δL
δ(∂tϕ)
δ(∂tϕ) +
∫
∂tLξd3x = 0 , (10)
where a 3-divergene has been eliminated by suitable onditions at spatial boundary.
Making use of equations (7) and avoiding other 3-divergenes, we nally arrive to the
onservation law
∂t
{∫
Σ3t
d3x
[
δL
δ(∂thij)
δhij +
δL
δ(∂tϕ)
δϕ+ Lξ
]}
= 0 . (11)
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Substituting (5) and (9) in the above relation, and observing that
δL
δ(∂thij)
and
δL
δ(∂tϕ)
give the onjugate momenta πij and π to the variables hij and ϕ respetively, we rewrite
(11) in the form
∂t
{∫
Σ3t
d3x
[
−2πij 3∇iξj − ξiπ∂iϕ−
(
πij∂thij + π∂tϕ− L
)
ξ
]}
= 0 . (12)
Above, the seond term in parentheses oinides with the super-Hamiltonian H ,
while the rst one, by virtue of (3) and (4) and integrating by parts, an be restated as∫
Σ3t
d3x
[
(2 3∇jπji − π∂iϕ)
(
φi + ∂lξ
∫
dthil
)]
. (13)
Realling that the super-momentum Hi is given by −2 3∇jπji + π∂iϕ, taking into
(12) the time derivative and using the relation ∂tξ
i = ∂lξh
li
, we see that the invariane
request reads ∫
Σ3t
d3x
{
−∂t(Hi)
(
φi + ∂lξ
∫
dthil
)
−
(
∂tH − ∂lH l
)
ξ
}
= 0 . (14)
Sine ξµ = {ξ, ξi} are four generi (independent) displaements, then the solution
to the above integral equation is provided by the following onstraints
∂tHi = 0 , ∂tH = ∂lH
l . (15)
The rst three onstraints yield Hi = ki(x
l), reduing the fourth one to ∂tH = ∂lk
l
.
We now observe that H does not depend expliitly on time while, on the other hand,
the super-momentum onstraints have to remain independent by eah other beause the
pure 3-dieomorphisms are inluded into the transformations (3) in orrespondene to
ξ ≡ 0 (i.e. we must have ∂iki 6= 0, if ki 6= 0). Therefore, the only available solution to
the system (15) stands as the following onstraints
H∗ ≡ H − E(xl) = 0 Hi = 0 . (16)
The obtained result outlines how, preserving in geometrodynamis the synhronous
harater of the referene, we are lead to a non-vanishing super-Hamiltonian, while the
3-dieomorphisms invariane still holds due to the onstraint Hi = 0.
Sine E is a salar density of weight 1/2, then we an take it in the form E ≡
−2√hρ(t, xi) (ρ being a salar spae-time funtion). The ation assoiated to this
system of onstraints orresponds to the following modiation of the Einstein-Hilbert
one, in presene of a osmologial onstant and of a salar eld,
S = − 1
2c2k
∫
d4x
√−g(R−2ρ(N − 1)
N
)−1
k
∫
d4x
√−gΛ+
∫
d4x
√−gLϕ, (17)
ρ being a Lagrangian multipliers, whih preserves the o-moving harater of the
referene. Hene the Hamiltonian is given by
H =
∫
d3x(N(H − E) +N iHi) (18)
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and, one a anonial sympleti struture is introdued, the algebra of onstraints is
as follows
{Hi(x), Hj(y)} = Hi(x)δ,j(x− y)−Hj(y)δ,i(x− y) (19)
{H∗(x), Hi(y)} = −H∗(y)δ,i(x− y) (20)
{H∗(x), H∗(y)} = H i(x)δ,i(x− y)−H i(y)δ,i(x− y). (21)
We now observe that the onstraints {H∗ = 0, Hi = 0} still obey a losed algebra for
their Poisson brakets (see [3℄ and [17℄).
By its role in the super-Hamiltonian onstraint, the funtion ρ aquires the physial
meaning of energy density assoiated to a o-moving dust uid.
In fat, we are desribing a senario in whih a soure for the Einstein equation
is present, whih is o-moving with the sliing and provides the modiation (16) to
the onstraints of General Relativity. In presene of a uid with an equation of state
p = (Ξ− 1)ρ, the Einstein system in the sliing piture reads
ρ = − H
2
√
h
, Hi = 0, Gµν∂iy
µ∂jy
ν ≡ Gij = κ(Ξ− 1)ρhij . (22)
Hene, the onservation law for the energy-momentum tensor, i.e. T νµ;ν = 0 implies
the following two onditions
Ξ (ρuµ);µ = (Ξ− 1)uµ∂µρ (23)
uνuµ;ν =
(
1− 1
Ξ
)
(∂µ ln ρ− uµuν∂ν ln ρ) . (24)
One the splitting is adapted to the uid, whih means setting the vetor normal
to the splitting nµ ≡ uµ = δµ0 , a Gaussian geodesis frame is xed (N = 1 and N i = 0)
and the onsisteny of the equation (24) requires Ξ = 1 (dust uid). In this ase, a
solution of equation (23) is given by
(ρuµ);µ =
1√−g
(√−gρuµ)
,µ
=
√
h∂tρ = 0→ ρ = −ǫ¯(xl)/2
√
h. (25)
The most natural way of thinking about the appearane of suh a new ontribution
is that the referene xing proedure requires a physial realization of the synhronous
gauge.
Furthermore, the allowane for suh a new soure ontribution preserves the 4-
dieomorphism invariane, even though xing a synhronous referene frame leads to
modied Hamiltonian onstraints.
Here two main points all for attention.
i)The energy density ρ is not always positive.
ii)The quantity E(xi) is xed by the initial onditions we assign on a non-singular
hypersurfae and therefore it an be, in priniple, xed as arbitrarily small.
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3. CANONICAL QUANTIZATION OF THE MODEL
By the Lagrangian (6), the Hamiltonian density (i.e. the super-Hamiltonian in a
synhronous referene frame) takes the expliit form
H ≡ 2c2kGijklπijπkl− 1
2k
√
h3R , Gijkl ≡ 1
2
√
h
(hikhjl+hilhjk−hijhk) , (26)
where
3R denotes the 3-dimensional Rii salar.
The anonial quantization of the synhronous gravitational eld is ahieved by
upgrading the anonial variables hij and π
ij
to operators ating on the state funtion
χ, i.e.
hij → hˆij πij → πˆij = − ih¯
(2ck)3/2
δ( )
δhij
(27)
and then implementing the synhronous onstraints H∗ = 0 and Hi = 0 as follows
Hˆ∗χE = 0 ⇒ HˆχE = EχE (28)
HˆiχE = 0 . (29)
To safe the Hermitianity of the super-Hamiltonian, we are lead to take the operator
ordering (see [9℄)
Gijklπ
ijπkl → πˆijGijklπˆkl . (30)
Being the super-Hamiltonian non-vanishing, it turns out that the dynamis is xed
by the Shrödinger equation
ih¯∂tχ =
∫
Σ3t
Hˆd3xχ , (31)
and the wave-funtional evolves with the label time.
The interpretation of the super-Hamiltonian eigenvalue as physial matter, relies
on the proof that a region of positive energy density exists.
Having in mind this idea, we adopt more onvenient variables to express the 3-
metri tensor, i.e.
hij ≡ η4/3uij , (32)
with η ≡ h1/4 and detuij = 1.
Expressed via these variables, the synhronous ation reads
S =
∫
Σ3t
{
pη∂tη + p
ij∂tuij −H
}
d3xdt , (33)
where pη and p
ij
denote the onjugate momenta to η and uij respetively, while the
Hamiltonian density takes the form
H = − 3
16
c2kp2η +
2c2k
η2
uikujlp
ijpkl − 1
2k
η2/3V (uij, ∇η, ∇uij) . (34)
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Here, the potential term V omes from the 3-Rii salar and ∇ refers to rst and
seond order spatial gradients.
In this piture, the rst of the equations (28) takes the form
HˆχE =
{
3
128h¯ck2
δ2
δη2
− 1
4h¯ck2η2
∆u − 1
2k
η2/3V (uij, ∇η, ∇uij)
}
χE = EχE(35)
∆u ≡ δ
δuij
uikujl
δ
δukl
, (36)
From a qualitative point of view, the existene of solutions for the system (35) with
negative values of E an be inferred from its Klein-Gordon-like struture. However,
the Landau-Raihoudhuri theorem states that, in a synhronous referene, the metri
determinant always vanishes monotonially in orrespondene to an instant of time t∗
where all the geodesis lines ross eah other, i.e η(t∗, xi) = 0, with ∂t→t∗η > 0. Suh a
lassial property of the variable η, on one hand supports its meaning of internal time
and, on the other one, it allows us to take the limit η → 0, where the system (35) admits
an asymptoti solution. In fat, in this limit, the potential term is drastially suppressed
with respet to the ∆u one and the dynamis of dierent spatial points deouples. Thus,
the quantization sheme redues to a loal minisuperspae approah.
It is easy to see that suh approximate dynamis admits, point by point in spae, the
solution
χE = ιE(η, p)Gp2(uij) , (37)
ι and Gp2 satisfying respetively the two equations
{
1
h¯ck2
δ2
δη2
+
32p2
h¯ck2η2
}
ιE = EιE (38)
∆uGp2 = −p2Gp2 . (39)
The potential term is negligible, also on a quantum level, as soon as the following
ondition holds
p2
4h¯ck2η2
≫ 1
2k
η2/3
1
∆u
∫
∆u
d5uV. (40)
This relation stands for a wide range of p2 values, approahing η = 0, and it an be
obtained by onsidering a wave paket laying over a region ∆u ∼ 1/∆p≫ 1, where ∆p
is a small unertainty around the piked value p (p ≫ ∆p). Hene the last ondition
singles out values of p greater than a duial one p0 ∼ ∆p, aording to the presription
that a quantum-lassial orrespondene stands only for high quantum numbers.
As far as we take ι =
√
ηθ(η) and we onsider the negative part of the spetrum
E = − | E |, the funtion θ obeys the equation
δ2θ
δη2
+
1
η
δθ
δη
+
(
| E ′ | −q
2
η2
)
θ = 0 (41)
E ′ ≡ h¯ck2E , q2 ≡ 1
4
(
1− 128p2
)
. (42)
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Thus we see that a negative part of the spetrum exists in orrespondene to the
solution
θ(η, E , p) = AJq(
√
| E ′ |η) +BJ−q(
√
| E ′ |η) , (43)
where J±q denote the orresponding Bessel funtions, while A and B are two
integration onstants. This solution remains valid only as far as | p |< 1/(8√2).
To give a preise physial meaning to this piture, the following four main points
have to be addressed.
i) The existene of a stable ground level of negative energy has to be inferred or provided
by additional onditions. ii) The spatial gradients of the dynamial variables and there-
fore the assoiated super-momentum onstraints, have to be inluded into the problem
and treated in a onsistent way. iii) The physial nature of the limit η → 0 has to be
laried by a physial haraterization of the dynamis. iv) In order to restore general
ovariane in the lassial limit, E has to vanish for h¯ → 0. But, to be retained in the
zero-order WKB approximation E should behave like h¯1−b (b > 0).
We onlude this setion by stressing that, in the quantum regime, the values
available for E are provided by the super-Hamiltonian spetrum. Thus, they depend
on the boundary onditions xed for the system, but not on the initial form of the
wavefuntional. As a onsequene, the indued (quantum) uid is determined by the
intrinsi properties of the geometrodynamis and the test harater of this dust is no
longer ensured.
4. EVOLUTIONARY QUANTUM COSMOLOGY
In order to investigate the impliations of the synhronous quantum dynamis, we
now present results, based on the works [18℄ and [19℄, on the behavior of a generi
inhomogeneous Universe. In fat, the absene of spei symmetries is required by the
impossibility of preserving them in quantum osmology at super-horizon sales.
The quantum implementation into an evolutionary framework will be presented in the
following subsetion.
4.1. GENERIC COSMOLOGICAL SOLUTION
As shown in [42℄, a generi inhomogeneous osmologial model (in terms of Misner
variables α and β±) is desribed by the ation
SRed =
∫
Σ3t×R
dtd3y {pα∂tα + p+∂tβ+ + p−∂tβ− + pϕ∂tϕ−H} (44)
H =
c2ke−3α
3
[
−p2α + p2+ + p2−
]
+
3
8π
p2φ − U(α, β±) +
Λ
k
e3α (45)
U =
1
2k | J |2 e
αV (β±), V (β±) = λ
2
1e
4β++4
√
3β−+λ22e
4β+−4
√
3β−+λ23e
−8β+ , (46)
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ya being a suitable set of spatial oordinates, with J the Jaobian of the
transformation ya = ya(xl). Here the funtions λa(y
b(xl)) x the model inhomogeneity.
Above, to aount for the inationary senario, we inluded in the dynamis a
massless salar eld ϕ and a osmologial onstant Λ. The presene of these two terms
allow us to model the main features of the inaton eld dynamis in the pre-ination
and slow-rolling phases, respetively. However, both ϕ and Λ have also an important
dynamial role. In fat, on one hand, the presene of this salar eld is ruial to neglet
the potential term U on a lassial [23, 24℄ and a quantum level [25℄. The kineti term of
ϕ is able to destroy the haoti behavior indued by the spatial urvature, and therefore
here no serious dierenes are expeted in omparison with to the loop quantum gravity
approah (in suh a formulation, the haotiity would disappear even without the salar
eld [26℄). On the other hand, the later de-Sitter dynamis, assoiated to the slow-rolling
regime, provides the isotropization of the ausal homogeneous portions of the Universe
[27℄, justifying the estimations (based on the atual Universe parameters) whih we will
address below for our generi model.
4.2. THE QUANTUM DYNAMICS
Sine the total Hamiltonian of the system redues, near the singularity, to the sum of
∞3 independent point-like ontributions, the Wheeler superspae is deomposed into
∞3 minisuperspaes and the Shrödinger funtional equation splits orrespondingly.
Fixing the spae point xl (i.e. ya(xl)), the quantum dynamis reads (we denote by the
subsript x any minisuperspae quantity)
ih¯∂tψx = Hˆxψx =
c2h¯2k
3
[
∂αe
−3α∂α − e−3α
(
∂2+ + ∂
2
−
)]
ψx − 3h¯
2
8π
e−3α∂2ϕψx −
−
(
1
2k | J |2 e
αV (β±)− Λ
k
e3α
)
ψx (47)
ψx = ψx(t, α, β±, ϕ) . (48)
We now take the following integral representation for the wave funtion ψx
ψx =
∫
dExB(Ex)σx(α, β±, ϕ, Ex)exp
{
− i
h¯
∫ t
t0
NxExdt′
}
(49)
σx = ξx(α, Ex)Πx(α, β±, ϕ) , (50)
where B is xed by the initial onditions at t0. Hene, we get the following redued
problems
Hˆσx = Exσx (51)(
−∂2+ − ∂2− −
9h¯2
8πc2k
∂2ϕ
)
Πx − 3
2c2h¯2k2 | J |2 e
4αV (β±)Πx = v
2(α)Πx (52)[
c2h¯2k
3
(
∂αe
−3α∂αξx + e
−3αv2(α)
)
+
Λ
k
e3α
]
ξx = Exξx . (53)
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Above, in deriving the equation for ξx, we negleted the dependene of πx on α
beause, asymptotially to the singularity (α → −∞), it has to be of higher order
(i.e. we address an adiabati approximation). If we take the plane wave solution
πx ∝ ei(v+β++v−β−+vϕϕ), then we get
v2 ≡ v2+ + v2− +
9
8πc2k
v2ϕ = const. (54)
and, in the limit α → −∞, this hoie is a good approximation as far as the following
ondition holds
v2β ≡ v2+ + v2− ≫
3e4α
2c2h¯2k2 | J |2 | V¯ |, V¯ ≡
1
∆β
∫
∆β2
d2β {V (β±)} .(55)
Here, instead of ideal monohromati solutions, we onsidered wave pakets whih
are at over the width ∆β ∼ 1/∆vβ ≫ 1 (∆vβ being the standard deviation in the
momenta spae).
One the new variable τ = e3α is adopted, the above eigenvalues problem for the
wavefuntion ξx reads
c2h¯2k
3
(
9
d2
dτ 2
+
v2
τ 2
)
ξx +
Λ
k
ξx =
Ex
τ
ξx . (56)
Here the potential term reads O
(
τ−2/3
)
and therefore the osmologial term
dominates as far as the following ondition holds
LΛ ≡ 1√
Λ
≪ Lin ≡ τ
1/3
〈λ〉 , (57)
where 〈λ〉 denotes an average value on the funtions λa. The above relation
orresponds to the request that the length sale assoiated to the vauum energy
(LΛ) is muh less then the physial sale of the Universe inhomogeneity (Lin), that is
just one of the usual onstraints for starting the ination.
Searhing for a solution to equation (56) in the form ξx = τ
δfx(τ), we get
δ =
1
2
1±
√
1− 4
9
v2

(58)
d2fx
dτ 2
+
1
τ
(
2δ
dfx
dτ
− 1
3LE l2P
)
+
1
3L2Λl
4
P
fx = 0 , (59)
LE = h¯cE being the harateristi length assoiated to the Universe energy, while
lP ≡
√
h¯ck denotes the Plank sale length.
Hene, it is easy to hek that, within the preision of our potential-free regime, the
solution of the above equation admits an exponential form (as boundary onditions, we
require that ξ vanishes in orrespondene to the singularity in τ = 0 and deays at large
τ , where the potential beomes relevant), i.e.
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f = Cexp{−β2τ 2 + γτ} (60)
γ = 2 | β |
√
δ +
1
2
− 1
12L2Λl
4
Pβ
2
,
1
LE l2P
= 6δγ . (61)
We see that the quantum dynamis in a xed spae point (i.e. over a ausal
portion of the Universe) is desribed, in the onsidered approximation (τ ≪ 1), by a
free wavepaket for the variables β± and ϕ and by a prole in τ whih has a maximum
in τ = (γ +
√
γ2 + 8δβ2)/4β2.
We stress that above the onstant C has to be regarded in σx as a generi funtion of
the quantum numbers {k±, kϕ}.
To estimate the range of variation for the eigenvalue Ex, i.e. the length LE , we
observe that the maximum value admissible for the quantity δ orresponds to v2 = 0,
i.e. δ = 1. Furthermore, the validity of the solution above requires that the ondition
β2τ ≪ γ = 2
√
δ + 1
2
− 1
12L2
Λ
l4
P
β2
| β | (whih implies | β | τ ≪√6
√
1− 1
18L2
Λ
l4
P
β2
) holds.
In agreement with the idea that the gravitational eld has a natural lattie struture
on the Plankian sale [28℄, we an take as minimal value for the variable τ , the amount
l3P l. Putting together these onsiderations, we arrive to the fundamental inequality
| β |≪
√
6
l3P
√
1− 1
18L2Λl
4
Pβ
2
. (62)
The reality of the square root (δ and β have to be real to ensure the reality of
E) requires that | β |≥ 1
3
√
2LΛl
2
P
. If, as expeted, LΛ ≫ lP , then the above inequality
(62) reads | β |≪ 1/l3P (beause the negleted term behaves as O (l2P/L2Λ) ≪ 1), or
equivalently
| Ex |≪ c
2kh¯2
l3P l
∼ O(MP lc2)→ LE ≫ lP , (63)
where MP l ≡ h¯/(lP lc) is the Plank mass.
It is worth noting that here the appearane of a stable ground state for the model is a
onsequene of the ut-o request. Aording to the standard interpretation of quantum
mehanis, we make the assumption that the Universe must neessarily approah this
state of minimal energy as a result of its spontaneous evolution.
As shown in [29℄, the above range of variation for the super-Hamiltonian eigenvalue
leads, in the isotropi ase, to a negligible ontribution of this term toward the atual
Universe ritial parameter, when an inationary stage is (like here) addressed. In fat,
to estimate the ritial parameter assoiated to the new ontribution, say ΩE , we observe
that the super-Hamiltonian eigenvalue, in the lassial limit, behaves as a onstant
of motion and therefore it provides today the energy density ρE ≪ O((MP lc2)/R30)
(R0 ∼ O(1028cm) denoting the present Universe radius of urvature). Sine the atual
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ritial density an be expressed as ρc ∼ O(c4/[GR20(Ω − 1)]) (being Ω = 1 ± O(10−2)
the total Universe ritial parameter), then we have
ΩE ≡ ρE
ρc
≪ O
(
10−2GMP l
c2R0
)
∼ O
(
10−2lP l
R0
)
∼ O
(
10−60
)
. (64)
Thus, to regard the dust uid as a dark matter andidate, matter (from the
thermal bath) must play a relevant role in the Plankian Universe evolution (see the
model addressed in [30, 31℄, where ultrarelativisti matter and a perfet gas were
inluded). The orrespondene between the isotropi ase and the generi dynamis
is possible beause the last is homogeneous at the horizon sale, and the anisotropies
ontribution is isomorphi to the salar eld one (both providing a free energy density
∝ e−6α).
5. THE QUASI-CLASSICAL LIMIT
Though we solved equation (56) only in the limit of small values of τ , where the spatial
urvature is negligible, nevertheless we now show that onditions for the lassial limit
of the τ -dynamis exist within suh approximation. For a disussion on the deoherene
of the sale fator in a Freedam-Robertson-Walker spae-time see [32℄ (for the semi-
lassial limit of the Wheeler-DeWitt dynamis in a more general ase see [33℄).
In the variables {τ, β±, ϕ}, the loal minisuperspae line element reads
dΓ2 = − 1
3c2kτ
dτ 2 +
3τ
c2k
(
dβ2+ + dβ
2
−
)
+
8πτ
3
dϕ2 . (65)
Thus, for small Universe volumes, we onstrut the semilassial limit of the
onsidered model, applying a proedure in the spirit xed in [35℄ and allowed by the
deoupling of the asymptoti lassial τ -dynamis from all other variables.
Aim of the analysis here faed is to separate the evolution of the quasi-lassial variable
τ , from the quantum anisotropies β± and the salar eld ϕ, for whih an Hilbert spae
an then be dened.
Having in mind this piture and xing, by the line element above, the timelike variable
τ as the quasi-lassial omponent of the Universe, we an take the (point-like) wave
funtion σ in the form
σ = µ(τ)exp
{
i
Φ(τ)
h¯
}
P(τ, β±, ϕ) . (66)
Substituting this expression into the eigenvalue problem (51), taking the limit h¯→ 0
(i.e. τ ≫ l3P ) and addressing the approximations xed in [35℄, then we get the following
system of three oupled equations
− 3c2k
(
dΦ
dτ
)2
+
Λ
k
− E
τ
= 0 (67)
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d
dτ
(
µ2
dΦ
dτ
)
= 0 (68)
6ih¯c2k
dΦ
dτ
∂P
∂τ
=
1
τ 2
[
h¯2c2k
3
(
∂2+ + ∂
2
−
)
+
3
8π
∂2ϕ
]
P . (69)
The rst equation gives the Hamilton-Jaobi dynamis and therefore the
identiation pτ = dΦ/dτ naturally arises (pτ being the onjugate momentum to
the variable τ). Starting from the ation (44), it is easy to hek the relation
−6c2kpτ = ∂tτ/τ . Hene the equation for the wave funtion P takes the meaningful
Shrödinger form
ih¯∂tP = − 1
τ(t)
[
h¯2c2k
3
(
∂2+ + ∂
2
−
)
+
3
8π
∂2ϕ
]
P , (70)
where the funtion τ(t) is assigned by the lassial dynamis (ontaining the dust
term too). In the present evolutionary sheme it omes out from the equation
t =
∂Φ
∂E + t
∗, t∗ = const. . (71)
Sine the Universe lies expetantly in the ground state of negative energy (i.e. we
take E = − | E |), then, in the region τ ≪ LEL2Λ, the Hamilton-Jaobi equation and the
oupled one for the amplitude µ, admit the solutions
Φ = 2
√
| E |
3c2k
τ µ = D 4√τ D = D(xi) ; (72)
above, we set to zero the integration onstant for Φ, beause it provides only a
phase fator.
It an be veried that suh behaviors of Φ and µ are in agreement with the
approximations at the ground of the system (67).
The solution of the Shrödinger equation (70) has exatly the same form of a 3-
dimensional non-relativisti free partile, as soon as the time variable T = ∫ (dt/τ(t)) is
adopted.
Thus we show how the energy spetrum arises near the osmologial singularity.
Indeed, the question onerning the lassial limit of suh degrees of freedom remains
open. The desription of a transition, from the quantum mixmaster to a lassial
isotropi Universe, remains an open topi in theoretial osmology and the dierent
proposals for its solution stritly depend on the initial ondition on the system (for a
disussion in the Wheeler-DeWitt approah see [36, 37℄). In the present ontext, we
stress that, sooner or later (out of our approximation sheme), the potential terms,
both for the anisotropi variable and the salar eld, would beome important in the
evolution. It is just in this phase that we expet the appearane of a lassial behavior.
This point of view is supported by the quadrati feature that suh potential terms
must approah. The potential of the mixmaster beomes quadrati in β± as far as the
Universe expansion (i.e. inreasing values of τ) frozes out the orresponding anisotropy
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(i.e. small values of β± are approahed). The potential term assoiated to the salar
eld is quadrati near its stable minimum, whih must exist before the spontaneous
symmetry breaking of the inationary senario. Therefore, wave-pakets peaked around
small values of β± and ϕ seem favorable in reahing the lassial limit.
When the system falls into this quadrati approximation, stable oherent states an be
onstruted with lassial properties.
6. FROM THE SYNCHRONOUS REFERENCE TO A GENERAL
POINT OF VIEW
The results of the above disussion outline that synhronous quantum gravity is an
evolutionary theory of the spae-time, but the assoiated phenomenology seems to
be ompatible, on a osmologial level, with the Wheeler-DeWitt paradigm: both the
approahes provide General Relativity in the lassial limit for h¯→ 0. The key feature
here is the dependene on h¯ aquired by the super-Hamiltonian eigenvalue. This piture
suggests us to investigate for more general ontexts whih would predit evolving wave-
funtionals only up to some order in h¯. In this respet, we x our attention on the
relations existing between a statistial representation of a stohasti system and its
semi-lassial features as oming out of the WKB limit.
The physial reason leading us to ompare the semi-lassial limit of the quantum
mehanis to an ensamble piture is that, for a stohasti system, two independent (one
lassial and another semi-lassial) probability distributions make sense. Indeed, for
any lassial dynamis we ould dene a probability distribution as a delta funtional
over the deterministi trajetory. Despite this hoie would naturally imply the neessity
of an evolutionary approah, nevertheless it appears rather ill-dened to be properly
addressed (for a disussion of this point of view, as well as of a Bohmian approah to
the same question see [39, 40℄).
This parallelism xes, for stohasti gravitational systems, a orrespondene
between the time evolution of the ensemble distribution and that of the rst orretion
in h¯ to the wave-funtional.
6.1. THE GRAVITATIONAL FIELD
Let us now analyze the ase of the gravitational eld, with the aim of inferring an
appropriate equation for its quantum dynamis.
In a generi referene frame, the ation desribing the gravitational eld reads as
follows [2℄
S =
∫
V4
{
πij∂thij −NH −N iHi
}
d3xdt (73)
where (here we restate in detail the notation) V4 = Σ3t × R denotes the whole
4-manifold (slied into the 1-parameter family of ompat boundaryless 3-hypersurfaes
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Σ3t ), π
ij
are the onjugate momenta to the 3-dimensional metri tensor hij , while the
gravitational super-Hamiltonian H and the supermomentum Hi take the form
H ≡ 16πG
c2
Gijklπ
ijπkl− c
4
16πG
√
h3R, Gijkl ≡ 1
2
√
h
(hikhjl+hilhjk−hijhk)(74)
Hi ≡ −2 3∇jπji . (75)
In the above expressions,
3R and 3∇i( ) denote the Rii salar and the ovariant
derivative onstruted by the 3-metri hij respetively, while h ≡ dethij.
The dynamis of the system is summarized by the following eld equations
(obtained variating the ation with respet to N , N i, πij and hij)
H = 0 , Hi = 0 (76)
∂thij =
δH
δπij
, ∂tπ
ij = − δH
δhij
(77)
H ≡
∫
Σ3t
d3x
{
NH +N iHi
}
. (78)
The four onstraints H = Hi = 0 reet the 4-dieomorphism invariane of General
Relativity and they are haraterized by the following two properties:
i) These onstraints are non-evolutionary, i.e. if they are satised by the Cauhy
data on the initial hypersurfae (say at t = t0), then they remain valid for all the
evolution, in view of the Hamilton equations.
ii) The four onstraints lead, under the replaement πij = δS/δhij , to the Hamilton-
Jaobi equations
ĤJS ≡ 16πG
c2
Gijkl
δS
δhij
δS
δhkl
− c
4
16πG
√
h3R = 0 (79)
ĤJ iS ≡ −2hil 3∇j δS
δhjl
= 0 . (80)
This set of equations provides alone the whole gravitational eld dynamis.
Thus, if we restrit the phase spae of a stohasti gravitational system to ensembles
whih satisfy the onstraints above (i.e. to the Wheeler phase superspae), then the
Hamilton equations x the dynamis of the system, for whih the lapse funtion N
and the shift vetor N i play the role of parametri funtions. In analogy to the
non-relativisti partile, the ontinuity equation for the ensemble density (funtional)
ε(t, N(t, xl), N i(t, xl), hij(x
l), πij)(xl)) reads as
∂tε+
∫
Σ3t
d3x
δ
δhij
{
δH
δπij
ε
}
−
∫
Σ3t
d3x
δ
δπij
{
δH
δhij
ε
}
= 0 . (81)
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Making use of the following relation
δH
δπij
=
32πG
c2
Gijklπ
kl + 3∇iNj + 3∇jNi , (82)
restriting the phase spae distribution to the form ε = ̺(t, hij)δ (π
ij − δS/δhij), and
evaluating the integral over the momentum spae, we arrive to the redued ontinuity
equation
∂t̺+
32πG
c2
∫
Σ3t
d3x
δ
δhij
{
Gijkl
δS
δhkl
̺
}
+2
∫
Σ3t
d3x
δ
δhij
{
3∇iNj̺
}
= 0 , (83)
̺ ≡ ∫ εDπ being the distribution redued to the onguration spae (here Dπ denotes
the Lebesgue measure dened for the onjugate momentum).
Observing that (with obvious notation)
δ
δhij
(
3∇iNj
)
= −1
2
3∇iN i (84)
and sine the hypersurfaes Σ3t are taken to be ompat ones without boundary (whih
allows us to eliminate total divergenes) ‡, then the above equation (83) rewrites
∂t̺+
32πG
c2
∫
Σ3t
d3x
δ
δhij
{
Gijkl
δS
δhkl
̺
}
− 2
∫
Σ3t
d3x
{
Nj
3∇i δ̺
δhij
}
= 0 .(85)
The dynamis of the system has to be invariant under the innitesimal 3-
dieomorphism xl
′
= xl+ξl(xj) (ξl being generi displaements), whih indues 3-metri
transformations h′ij = hij − 2 3∇(iξj).
Requiring that ̺ is invariant under suh 3-metri hanges, yields ̺(hij − 2 3∇(iξj)) −
̺(hij) = δ̺ = 0, i.e.
δ̺ = −2
∫
Σ3t
d3x
{
δ̺
δhij
3∇iξj
}
= 2
∫
Σ3t
d3x
{
3∇i
(
δ̺
δhij
)
ξj
}
= 0 . (86)
Sine ξi are generi spae displaements, we get 2 3∇j
(
δ̺
δhij
)
= 0.
In view of this result, the ensemble density loses its parametri dependene on the shift
vetor and it takes values on the 3-geometries {hij}. As far as we average the onstraint
H = 0 over the momentum spae, we reover the Hamilton-Jaobi equation and then the
statistial properties of the gravitational system (as viewed in the Wheeler superspae)
are summarized by the following funtional equations
16πG
c2
Gijkl
δS
δhij
δS
δhkl
− c
4
16πG
√
h3R = 0 (87)
∂t̺+
32πG
c2
∫
Σ3t
d3x
δ
δhij
{
Gijkl
δS
δhkl
̺
}
= 0 (88)
ĤJ iS = ĤJ i̺ = 0 . (89)
‡ We stress that the momentum πij , as well as δ̺/δhij are 3-tensor densities of weight 1/2.
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If we develop the time dependene of ̺ in Fourier series, i.e.
̺(t, {hij}) =
∫ ∞
−∞
dω ¯̺(ω, {hij})eiωt , (90)
then the seond of the above equation rewrites as
32πG
c2
∫
Σ3t
d3x
δ
δhij
{
Gijkl
δS
δhkl
¯̺
}
= −ih¯ω ¯̺ . (91)
This equation, together with the Hamilton-Jaobi system and the ondition for 3-
dieomorphisms invariane, provides the statistial framework to be used when xing
the WKB limit of the quantum dynamis.
In analogy to what done for the non-relativisti partile, let us onsider the following
smeared eigenvalue problem
{∫
Σ3t
d3xNHˆ
}
Ψ = EQΨ (92)
HˆiΨ = 0 (93)
Ψ = Ψ(t, N, {hij}) , (94)
where the operators Hˆ and Hˆi are asted via the onjugate ones hˆij and πˆ
ij =
−ih¯δ( )/δhij (for the sake of simpliity, here we take lP = 1). To safe the Hermitianity
of the super-Hamiltonian, we are lead to take the normal ordering (see [9℄)
Gijklπ
ijπkl → −h¯2 δ
δhij
Gijkl
δ
δhkl
(95)
Taking the expansion
Ψ = e
i
h¯
Σ , Σ = Σ0 +
h¯
i
Σ1 +
(
h¯
i
)2
Σ2 + ... , (96)
then, in the onsidered WKB limit and up to rst order in h¯, from (92) we get the
key relation
∫
Σ3t
d3x
{
NĤJΣ0 − ih¯ δ
δhij
(
Gijkl
δΣ0
δhkl
e2Σ1
)
e−2Σ1 +O
(
h¯2
)}
Ψ =
=
(
EQ0 −EQ1 +O
(
h¯2
))
Ψ (97)∫
Σ3t
d3x
{
ĤJ iΣ0 − ih¯ĤJ iΣ1
}
= 0 , (98)
The orrespondene between this sheme and the ensemble piture leads to the
identiations S ≡ Σ0, ̺ ≡ e2Σ1 and EQ0 = 0, EQ1 = h¯ω. Thus, we see that for a
stohasti gravitational eld, the non-stationary harater of the ensemble distribution
reets the existene of a non-zero super-Hamiltonian eigenvalue of order h¯. This result
is equivalent to dealing with a Shrödinger equation (like in Setion 3), whose assoiated
time evolution entirely lives in the quantum setor, so ensuring the right lassial limit
of General Relativity.
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6.2. THE EXAMPLE OF THE INHOMOGENEOUS MIXMASTER MODEL
As an implementation of the above sheme, we now disuss the asymptoti dynamis of
the inhomogeneous mixmaster model whih is a widely-known example of a stohasti
gravitational system [41℄. Here we do not address real new results, but we implement
the well-established mixmaster piture to the present analogy between quantum and
statistial geometrodynamis.
To get stohastiity we have to remove the presene of a massless salar eld from the
evolution of a generi Universe toward the singularity (the osmologial term plays no
role asymptotially). Replaing the Misner variables {α , β+ , β−} with the Misner-
Chitrè-like ones {ρ , u , v}, where u and v dene the Poinarè half-plane representation
of the two-dimensional Lobahevsky spae (for details of the oordinates transformation
see [19℄), the ation (44) rewrites as
SRed =
∫
ΓQ
d3ydη
[
pu
∂u
∂η
+ pv
∂v
∂η
+ pρ
∂ρ
∂η
− Ne
−2ρ
24D | J |H
]
(99)
with
H = −p2ρ + v2
(
p2u + p
2
v + U(ρ , u .u)
)
(100)
and
D = exp[−
√
3
1 + u+ u2 + v2
v
eρ]. (101)
The potential term U(ρ , u , v) an be easily alulated (see [19, 41℄).
Aording to the analysis developed in the previous subsetion, the ensemble
representation of this stohasti system takes the following form in the onguration
spae assoiated to a spae point (in what follows we will omit the subsript y onerning
the the point-like distribution w(ρ , u , v))
−
(
∂S
∂ρ
)2
+ v2
(∂S
∂u
)2
+
(
∂S
∂v
)2+ U(ρ , u .u) = 0 (102)
∂w
∂t
− N
12 | J |
∂
∂ρ
(
e−2ρ
∂S
∂ρ
w
D
)
+
+
N
12 | J |e
−2ρ
[
v2
∂
∂u
(
∂S
∂u
w
D
)
+
∂
∂v
(
∂S
∂v
v2
w
D
)]
= 0, (103)
S being the Hamilton-Jaobi funtion.
From the equation above, it an be easily inferred that the limit toward the
osmologial singularity ρ→∞ (where D and all its derivatives vanish) orresponds to
asymptotially inreasingly smaller values of the time derivative
∂w
∂t
. This onsideration
holds only for a regular enough behavior of the lapse funtion and it qualitatively
onrms that the ensemble distribution has to retain a time dependene whih, despite
its low-order harater, aounts for the reli of an evolutionary quantum gravity.
General Relativity as Classial Limit of Evolutionary Quantum Gravity 21
However, the orret haraterization of the obtained ensemble dynamis passes trough a
areful disussion of the allowane in xing the lapse funtion. In fat, due to the long-
wavelength approximation, the spatial gradients of the variable ρ are asymptotially
negligible, so that it de-parametrizes (in the line of [12℄) and the request
∂tρ = − Ne
−2τ
12D | J |
∂S
∂τ
= 1 (104)
an be imposed to deal with a real time oordinate. When τ plays this role, the
orresponding ensemble piture is summarized by the following system
−
(
∂S
∂ρ
)2
+ v2
(∂S
∂u
)2
+
(
∂S
∂v
)2+ U(ρ , u .u) ≡
≡ −
(
∂S
∂ρ
)2
+ (∇S)2 + U(ρ , u .u) = 0 (105)
∂w
∂ρ
+ v2
∂
∂u
 ∂S∂u√
(∇S)2 + U
w
+ ∂
∂v
 v2 ∂S∂v√
(∇S)2 + U
w
 = 0. (106)
When the asymptoti limit {ρ→∞, U → 0, ∂S
∂ρ
= const.} is taken, these equations
overlap the stationary piture desribed in some detail in [42℄ (see also referenes
therein). However, as shown in [43℄ (by using at all equivalent variables), the stationary
miroanonial distribution is approahed by an exponential deay in the ρ-dependene.
Suh a feature quantitatively denes the time behavior of the ensemble as a lower order
eet for a point-like mixmaster Universe.
But, the de-parametrization of the variable ρ and its time role in the dynamis are
onsistent with a deoherene behavior as disussed in the semilassial limit above (the
main point here is that the asymptoti lassial evolution of ρ is independent of the other
variables). Therefore, the orrespondene between the evolution of the miroanonial
ensemble of the mixmaster and a Shrödinger quantum gravity is valid in the limit when
only some variables (u and v here) follow a full quantum behavior, while another one (ρ
here) is mainly a lassial degree of freedom (like in Setion 5). Of ourse, the possibility
to deal with a omponent of a gravitational system as a good time variable, is not a
general feature and the full orrespondene we established in this setion would hold
just for those ensembles whih make no allowane for any deoherene senario.
Finally, it is worth noting that the outlined piture of the mixmaster haotiity
qualitatively oinides with the one proposed in [20℄, with respet to the denition
of an ensemble. In fat, the onlusion of our analysis indiates that, in this model, the
haotiity an be properly addressed by means of a relational point of view.
7. CONCLUDING REMARKS
We proposed an evolutionary paradigm for the reformulation of the quantum gravity
problem, based both on the restrition of the ovariane priniple within a synhronous
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referene frame, and on the more general orrespondene between the ensemble
dynamis of stohasti gravitational systems and the semilassial WKB limit of their
quantum dynamis. The ommon issue of these two dierent approahes onerned
the appearane of a non-zero eigenvalue of the super-Hamiltonian, whih turned out
to vanish as h¯ → 0. Suh ontribution aounts for a time evolution of the quantum
gravitational eld, but it does not aet the right lassial limit of General Relativity.
Dealing with the synhronous gauge, we get a non-zero super-Hamiltonian
eigenvalue following the sheme of the Noether theorem as applied to the orresponding
gravitational Lagrangian. The ruial point here is that this additional term an be
re-asted as a dust ontribution, whih behaves as a soure of the gravitational eld.
Thus, we saw that the gauge xing indues the appearane of a real matter, playing the
role of a referene. The quantum analysis laries that suh additional ontribution has
a non-lassial origin and, therefore, the limit of General Relativity is always preserved
as h¯→ 0, even if we restrited the dynamis to a synhronous referene (this point was
disussed in detail for the quantum osmology model addressed above).
The merit of the disussion onerning the stohasti gravitational system, onsists
in the demonstration that the ensemble time evolution would be assoiated with the
rst order in h¯ in the expansion of the super-Hamiltonian eigenvalue.
It is worth stressing that the example of the haoti inhomogeneous mixmaster
has outlined the neessity to deal with a Shrödinger equation only in the deoherent
piture, when a portion of the system de-parametrizes from the whole and it plays the
role of a good time variable.
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